This study presents a numerical and an experimental study on an active vibration control system. The system includes a fully-clamped plate and two surface bonded piezoelectric actuators and a collocated velocity sensor at one of the actuator locations. One of the piezoelectric actuators is used for disturbance actuation and the other one is used for control actuation. A model based optimal velocity feedback controller is used as control algorithm. The disturbance and actuator models are obtained through experimental characterization of the plate under the effect of the disturbance source. A representative SIMULINK model is built in parallel to the development of the experimental setup in order to investigate performance of the controller for various control parameters. After the model based optimal controller is designed, performance of the optimal velocity feedback controller is validated with the experimental study by comparing the vibration suppression values at multiple modes of the structure. Results show that the developed control methodology effectively suppresses the vibration amplitudes at multiple modes of the structure and also vibration attenuation levels can be predicted accurately with the simulations for various controller design parameters. It is also demonstrated that using an optimal controller enhances the performance of the system as opposed to just using velocity feedback algorithm for the active vibration control of the smart plate.
INTRODUCTION
Vibrations cause undesirable effects in structures and consequences of severe vibrations may lead to decrease in service life, or even cause damage to components of mechanical systems. Active treatment for vibration suppression in ground, marine and aerospace applications as well as nano and micro devices has widely been reported in the literature [1] [2] [3] [4] .
Vibration suppression of structures using smart materials started over two and a half decades ago with the attachment of active element layer on the host structure. In one of the early studies, Bailey and Hubbard [5] designed an active damper system using a piezoelectric material as a distributed actuator for vibration suppression of a cantilever beam. Subsequently, Crawley and Luis [6] developed an analytical model of a surface bonded and embedded piezoelectric actuator patch. They predicted response of the host structure with their model and verified the model experimentally for various host structures. Thereafter, technological advancements and needs motivated researchers to use responsive materials such as piezopolymer polyvinylidene fluoride and lead-zirconate titanate (PZT) as sensors and actuators in the area of active vibration control and active structural acoustic control [7] [8] [9] [10] [11] .
Selection of the controller algorithm and optimal positioning of sensors and actuators is critical in the design and implementation of active vibration controllers with smart materials. Halim and Moheimani [12] presented an optimization approach for optimal placement of collocated piezoelectric actuators and sensors for a thin plate. There are also review papers in the literature which can be used as primary guidelines for increasing performance and robustness of active vibration control systems. For instance, Alkhatib and Golnaraghi [13] reviewed controller architectures and presented general design procedures for active vibration control systems. Their review paper summarized advantages and disadvantages of different controller architectures with various application examples.
Among the feedback control algorithms, "model based" controllers provide global vibration suppression of the host structures within the control bandwidth and control authority of the actuator as opposed to the active damping systems that work efficiently only near resonance frequencies. In these control approaches, modelling and identification of the structure with the smart materials is significant since the controller parameters are determined based on the representative model.
Design of a "model based" active vibration control system starts with dynamic characterization of the target structure that is called host structure for embedding or bonding the smart materials. The dynamic characterization procedure can be carried out analytically, numerically and/or experimentally by investigating vibration characteristics of the structure. By utilizing sensors and actuators, frequency domain identification methods can be applied for modelling of the system to include the whole system dynamics. This identification method will provide easy detection of modelling errors by comparison of actual and estimated frequency responses [14] . Having the model in hand, "model-based" controller design can be performed until the performance and the stability objectives are met. Optimal control is one of the "model based" control approaches for active vibration suppression [15] [16] [17] . Linear quadratic regulator (LQR) type optimal control is widely preferred since it is less sensitive to errors of the system for deterministic systems [18] . An LQR is designed by minimizing a cost function which is quadratic and dependent on state weight matrix, Q, and input weight matrix, R. Convenient selection of these tuning parameters creates satisfactory results while maintaining the control cost minimum. Different selection procedures for the weight matrices have been proposed in the past [19, 20] . Bryson and Ho [21] proposed an inverse square method where the weights of the states are represented by diagonal weight matrix. It is a widely used optimization method but it requires tuning of the state weights with trial and error. Application of the LQR requires information about the current state values of the closed-loop system. In the cases where state information is not directly measurable, observer algorithms are utilized. The state-observer algorithms estimate current values of the states using the system model and disturbance measurement on the system [13] .
In the area of vibration control, the most common form of active vibration controllers with piezoelectric materials are on beam-like structures where the experimentation and modelling is relatively easy but real life applications are quite limited. Recently, Choi et al. [22] focused on position control of a one-link manipulator by active vibration control. They proposed and experimentally demonstrated a robust quantitative feedback theory feedback controller and a Preisach model based feedforward hysteretic compensator for accurate position control of a single link flexible arm. Similarly, Ryan and Jinjun [3] implemented positive position feedback (PPF) controller to overcome vibrations occurring on a one-link manipulator. A genetic algorithm is used to find transfer functions of the manipulator with a collocated piezoelectric sensor/actuator pair, and optimize the design parameters of the controller based on H ∞ norm.
However, studies involving comparative experimental and modelling methodologies for plate-like structures are very limited in the literature. Marine, aerospace, and automotive applications mainly include plate-like structures and piezoelectric materials can be easily attached on the surface of these structures. Among the studies on plate vibrations, Strassberger and Waller [23] controlled sound pressure level of a plate-like structure by means of structural control. In the study, they developed an optimal controller to suppress vibration amplitudes and radiated sound pressure levels at resonance frequencies of the structure. The model of the system was obtained using finite element modelling approach. Zhu et al. [4] developed a method for suppressing transmitted acoustic pressure on a glass panel by means of structural acoustic control. They utilized error microphones to estimate the sound pressure level and actuated the glass panel to decrease the sound transmitted through the panel. Most of the studies in the literature focus on the formulation of electromechanical coupling between the host structure and the piezoelectric material. Julai and Tokhi [24] used genetic algorithms, particle swarm optimization and ant colony optimization for multiple input multiple output control on a flexible plate structure. Using such approach, significant vibration reduction levels are obtained. Sekouri and his colleagues [25] focused on developing an analytical model of a circular plate with integrated piezoelectric actuator and sensor. They proposed a modeling methodology for circular plates utilizing Kirchoff plate model. They derived equations governing the structural behavior of the plate and validated their results with experimental studies. In another study by Li et al. [26] , vibration control of a fully clamped plate was studied using piezoelectric materials. They utilized a composite controller to suppress vibration of the plate based on a disturbance observer to overcome effects of spillover, harmonic effects, unmodelled dynamics and external factors.
In recent studies by Li et al. [27, 28] , the authors proposed a novel method using active disturbance rejection control (ADRC) based on acceleration compensation for multi-mode vibration control of an all-clamped stiffened plate, using the extendedstate-observer approach. The authors were able to suppress multi-mode vibrations of an all-clamped stiffened plate by using non-collocated acceleration sensors and distributed piezoelectric actuators. In order to solve the phase hysteresis due to the non-collocated placement of the PZT actuators and acceleration sensor, they applied Smith Predictor technology to the composite vibration controller, employing experimentally determined parameters. Additionally, they introduced a chaos optimization method based on a logistic map to automatically tune the parameters of the feedback channel. When compared with the classical ADRC method, experimental results of multi-mode vibration of the proposed approach were superior.
In this study, an optimal velocity feedback controller is built by employing surface bonded piezoelectric patches as actuators and collocated vibrometer as the velocity sensor. A thin flexible plate with dimensions of 1¥1¥0.0012 m is used as the host structure. The system, which includes a fully-clamped plate with surface bonded piezoelectric actuators, will be referred as the "smart plate" in the rest of this paper. In contrast to previous research studies, this study integrates the experimental measurement of frequency response functions (FRFs) with the simulation model for an effective controller design and also verifies the performance of the controller by comparing the simulation and experimental results for various controller parameters. The state space model obtained from the experimental frequency response of the system includes the effects of; system parameters like damping, mode-coupling and uncertainties due to boundary conditions and instrumentation errors as well as coupling between the piezoelectric actuators and the flexible plate. Including all these effects in the simulation model enables a reliable controller design prior to experimental implementation of the selected design parameters. The results show that the controller performance can be predicted accurately using the simulation model and the controller parameters can be tuned to improve performance of the controller. Tuning the controller parameters resulted in an effective multi-modal vibration suppression performance (up to ~8 dB). This result compares favorably well with typical control performances reported in the literature. In the study, it is also shown that efficiency of the velocity feedback controller is enhanced by using the optimal control theory.
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The organization of the paper is as follows: Section 2 presents the modelling and control theory, Section 3 explains sensor/actuator placement methodology and the details of the controller design, Section 4 gives details of numerical studies, Section 5 presents the experimental set up and results, Section 6 compares the results of simulation and experiment. Section 7 demonstrates the effect of the optimal controller by comparing its results with the proportional velocity feedback controller. Finally, Section 8 concludes the paper.
STATE SPACE MODELLING AND CONTROLLER THEORY 2.1. State-space model
Equation of motion of a fully-clamped plate with surface bonded piezoelectric actuators can be represented by (1) where x and f are generalized vectors of displacements and forces. The M, C and K are mass, damping and stiffness matrices for the coupled system [29] . The force, f acting on the system can be represented as (2) The inputs u and d represent supplied voltage for the piezoelectric patches employed as the controller actuator and the disturbance actuator. G and H are the electromechanical matrices for the piezoelectric controller and the disturbance actuator.
The linear time invariant systems can be shown in the state-space form. For the velocity response of the fully-clamped plate, equation (1) can be written in the following form [12] (3)
Here, x is the state vector which includes m different states. y is the measured output of the system (i.e. the velocity of the fully-clamped plate), u is the voltage signal to the piezoelectric actuator. A is the square system matrix, whereas B and C are the input and output vectors, respectively. The state space model of the smart plate can be derived using least squares parameter estimation using the experimental frequency response function when excitation is applied with the piezoelectric actuator. This representative state-space model will provide the dynamic characteristics of the system including actuator dynamics, uncertainties in the boundary conditions, the coupling between the modes of the structure, the system damping, and instrumentation effects [14, 30, 31] . In Section 3, details of the modelling approach will be presented together with the controller design implementation.
Optimal controller
To design an optimal velocity feedback controller, Linear Quadratic Regulator (LQR) design approach is considered. The LQR uses algebraic solution of a cost function to determine the optimal output controller.
The LQR cost function is given as [32] (4)
where, Q and R are the weighting matrices. Q is a positive semi-definite matrix and R is a positive definite matrix. These weighting matrices are the design parameters for the optimal control problem and reflect the relative importance of the states x(t)
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and input u(t). When the matrix Q is selected larger in magnitude than the R matrix, the minimization of the system response becomes more important than the control effort [33] . However, if the matrix Q becomes very large relative to R, the closedloop system loses its authority on the input and input saturation may occur. The optimum input to the system is calculated by minimization of the cost function in eqn (4) and the form of the input is (5) where, the optimum input can be written as (6) where, P c is the positive semi-definite solution to algebraic Riccati equation in the following form: (7) In order to complete the optimal controller design, information of the current states must be available. The current states can be determined either by direct measurement or by a state estimator that can be included in the controller algorithm. The state estimators (observers) are used for the cases where measurement of all the states is not possible. The current states can be calculated simultaneously with the controller algorithm to estimate the states and dynamic equation for such an observer is as follows (8) where L is the Luenberger gain vector as in [34, 35] and A, B and C are the state space matrices given in eqn (2) . In eqn (8), the current values of the system input u and output y are needed by the observer before estimating the states properly. Upon calculation of the estimated state variables x(t), the optimal controller input is calculated (9) and applied to the piezoelectric controller actuator for vibration suppression of the smart plate.
MODELLING OF SMART PLATE AND CONTROLLER DESIGN 3.1. State space model of the smart plate
For the controller design, it is necessary to know characteristics of the smart plate and obtain a state space model [36] . In most of the studies in the literature, state space models of the systems are obtained through analytical models and/or finite element models. However, accuracy of the analytical model and/or finite element model must be validated especially when model based controllers are used as the controller algorithm. Otherwise, the controller may have some limitations and inaccuracies due to the mismatch between the real system and the reference model. For that reason, in order to include effect of the coupled modes, boundary conditions, environmental and experimental effects in the state space model, an experimental set-up is built, see Fig. 1(a) . The state space models of the smart plate model should include the "actuator model" and the "disturbance model" for designing and simulating the controller performance. In this study, commercially available piezoelectric patches (PI Dura-act 876.A12) are used as surface bonded actuators. These piezoelectric patches are compact, lightweight and insulated so attachment on the host structure is easy and additional weight is negligible Table 1 .
The smart plate is shown in Fig. 1(b) . In the figure, locations of the control and disturbance actuators are shown. The control actuator is used for providing the actuation signal whereas the disturbance actuator is used for providing the undesired vibration effects. Piezoelectric patches are effective in high strain regions of vibration modes. For each mode of a fully clamped plate, those regions are not identical. In this study, target modes are the first four vibration modes of the structure so that positions of the actuators must be selected accordingly.
In order to investigate effectiveness of the piezoelectric actuator location, a two dimensional grid (11 ¥ 11) on the smart plate is defined, allowing 121 potential points for actuator placement. Figure 2 shows grid points on the smart plate with three example actuator positions. There exists 121 feasible attachment points for the piezoelectric patch on the smart plate. Rewriting equations (1) and (2) in the frequency domain, displacement response of the smart plate x i (jw) to the applied voltage V(jw) can be written in the following form: (10) Then, the relation between the velocity response of the smart plate, q i (jw), and applied voltage to the controller actuator can be represented with the frequency response function G i (jw) by taking the derivative of the displacement in the frequency domain; (11) Modal controllability measure l for each actuator can be calculated by dividing the magnitude of the frequency response function |G i (jw m )| with its max value at the resonance mode m for each actuator location.
The modal controllability measures for the individual actuator locations corresponding to each mode are superimposed as below to determine the optimal actuator locations for the first four modes of the structure. Based on the presented approach, controller actuator is placed on the upper left quadrant whereas the disturbance actuator is located on the lower left quadrant.
The linear models for control actuator and disturbance actuator are obtained based on experimental frequency response function (FRF) data. Note that, experiments are conducted for the controller and disturbance actuators separately in
Vol. 34 In the experiments, vibration response of the host structure is measured by a laser doppler vibrometer (LDV) when the host structure is excited by the piezoelectric actuator. The voltage supplied to the piezoelectric actuators is amplified through the high voltage amplifiers. Then, a signal analyser is used to obtain the FRF between the LDV output and input to the high voltage amplifier. Using the measured FRF, a linear model is curve fitted to the experimental data using the least squares estimation algorithm. Curve fitting in frequency domain is performed using the "fitsys" command in MATLAB Robust Control Toolbox. The same identification procedure is repeated for both the disturbance and the control piezoelectric actuators.
Further information on least square method can be obtained in [37] . Comparisons of the FRFs of the "actuator model" and "disturbance model" and the original experimental FRFs are shown in Figure 4 and Figure 5 , respectively. From the figures, it can be observed that the derived state space models represent the system response accurately for the desired frequency range (for the first 4 modes of the smart plate) including the magnitude and phase behaviour. The "actuator" and "disturbance" models use 10 th order state space models. The state space models of the actuator and disturbance models are shown as follows with the corresponding matrix dimensions. 
Controller Design and Implementation
For the controller implementation, it is necessary to combine optimal velocity feedback controller and the state estimator. For this purpose, a data acquisition system NI-PCI 6229 is used to collect velocity signal from LDV, estimate the states and generate the controller output signal. The Q matrix in equation (3) is a tunable parameter which enables the control algorithms to adjust relative importance of the states of the system. It is possible to adjust the participation of different states on the feedback gain using the Q matrix. In this study, the controller is designed such that equal weights are assigned to the state variables. Such an approach is adopted since all the modes have significant contributions to the vibration levels within the frequency range of interest. For that reason, all of the system states can be treated equally. Three different Q matrices are used in the controller design to see the effect of Q value in the vibration suppression performance of the controller. Those are Q 1 = I 10 ¥ 10 (Identity matrix), Q 2 =10 Q 1 and Q 3 = 20 Q 1 . The highest value of the Q matrix is adjusted to 20 I 10 ¥ 10 representing the experimental limitation due to saturation of the actuation signal.
The state estimator described in equation (8) is used to predict the state variables using the output measurements. The design parameters of the state estimator are Q 0 and R 0 which have the same properties with Q and R. Q 0 is taken as the identitiy matrix and R 0 is taken as 1. The controller is designed to cover the four modes of the structure in order to decrease the size of the model such that computational effort can be reduced in real time. Since the higher order frequency modes are neglected in the controller design, modal spillover and effect of the unmodeled modes may affect the stability of the controller. In order to avoid these high-frequency dynamics, a low-pass filter is implemented to reduce amplitudes of the high frequency signals. Figure 6 shows block diagram of the control system. The disturbance (d) is created on the sensor location which is collocated to the control actuator by exciting the disturbance actuator, with the signal u d . LDV measures the velocity output and the measured signal is transferred to the state estimator after filtering. State estimator uses the output information and the input information to estimate the states. Then, the estimated states are multiplied by the gain matrix, K and control input signal u c is generated. By feeding signal to the control actuator, the optimal velocity feedback controller loop is completed.
SIMULATION MODEL FOR ACTIVE VIBRATION SUPPRESSION
A MATLAB/SIMULINK® model of the smart plate and the optimal controller are developed to investigate the effect of the controller design parameters on the vibration suppression performance of the controller such that the controller design and performance evaluation can be performed on the experimental setup. The corresponding MATLAB/SIMULINK® model can be seen in Fig. 7 showing the details of the actuator, disturbance, optimal controller and low-pass filter blocks. The low pass filter is a simple digital filter which avoids the high frequency stability problems. A normalized filter is designed with a cut off frequency at 100 Hz. The disturbance and actuator models are included in the state space forms and the optimal controller and the estimator parameters are obtained through the procedure described in Section 3.
Performance evaluation of the experiment and simulation of the optimal controllers is completed in the frequency domain for open loop and closed loop cases. A sine sweep signal is generated and fed to the disturbance actuator to excite the plate in the open loop configuration. In the closed loop cases, the optimal controller is used to create the controller signal to activate the control actuator and also for tuning the control parameters. The numerical open and closed loop cases are shown in Fig. 8 to demonstrate the controller performance for Q 1 , Q 2 and Q 3 values. The results suggest that as the Q matrix is increased, vibration suppression levels for all modes within the frequency range of interest are increased. Those results demonstrate efficiency and importance of the Q matrix on vibration suppression performance of the controller.
EXPERIMENTAL SETUP FOR ACTIVE VIBRATION SUPPRESSION
Experimental implementation of the controller architecture is shown in Figure 9 . NI PCI 6229 digital signal processor (DSP) is connected to the system for integration of the low-pass filter, state estimator and optimal velocity feedback controller. Disturbance actuator is used for generating undesired vibrations on the plate. For this purpose, u d is generated by a spectrum analyzer and prior to transfer to disturbance actuator; it is amplified by PI E413.D2 amplifier. LDV is targeted to the smart plate having a collocated position with the control actuator. Response of the plate is measured and transferred to the signal processor and spectrum analyser. Then, the controller output is generated by filtering the LDV signal, the state estimation, and multiplication of those estimated states with the LQR gain matrix K. The obtained controller output signal u c is amplified and used to drive the control actuator in order to induce the counter-vibration effects, n, on the plate. The experimental open and closed loop cases are shown in Figure 10 to demonstrate the controller performance with Q 1 , Q 2 and Q 3 values. Experimentally implemented optimal controller is effective in suppression of the first four modes of the smart plate. As the control parameter Q is increased, the suppression level of the closed loop structure increases as it was also observed in the simulation studies.
COMPARISON OF THE EXPERIMENTAL AND SIMULATION RESULTS
The simulation and experimental results for vibration suppression of the smart plate are given in Table 2 . These numerical and experimental reduction levels are provided to investigate the various controller design parameters for the first four vibration modes of the structure. As can be seen in the table, the simulation model predicted the vibration suppression levels accurately for the first four modes of the structure.
COMPARISON OF THE MODEL BASED APPROACH WITH PROPORTIONAL VELOCITY FEEDBACK
In this section, performance of the vibration suppression of the model based control algorithm utilizing velocity feedback is compared with the proportional velocity feedback algorithm to demonstrate efficiency of the proposed algorithm. For this purpose, proportional velocity feedback controller is implemented on the previously described experimental set-up. A block diagram of the velocity feedback algorithm is shown in Fig. 11 . Figure 9 . Experimental configuration for the controller.
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Note that the signals u c , u d , d, v and y are exactly the same with the model based controller. The only difference is that the state feedback controller is now turned to a proportional controller with a feedback gain K fb .
In velocity feedback implementation, 3 different feedback gains are used in the experiments. In the first set of experiments, the gain is adjusted to 1. Then, the feedback gain is increased to 5. Finally, the feedback gain is adjusted to 10 which is the upper limit for the experimental set-up. Since the model based controller reached to the experimental limits for the design parameter Q 3 , the results of the velocity feedback for K=10 is compared with the results of model based controller for Q 3 . Figure 12 shows the comparison of performances of those two algorithms in the closed loop form. It is clear that the model based optimal velocity feedback controller is better than the negative velocity feedback controller in terms of vibration suppression performance. With a little computational cost, it is possible to attain better performance in terms of vibration suppression using the optimal velocity feedback controller algorithm.
CONCLUSION
In this paper, design and implementation of a model based optimal controller have been presented. The optimal velocity feedback controller has been built by employing surface bonded piezoelectric patches as actuators and a collocated vibrometer as the velocity sensor. A thin flexible plate with dimensions of 1 ¥ 1 ¥ 0.0012 m 3 used as the host structure. A state estimator has been used in combination with the optimal control architecture to measure the current states. A representative SIMULINK model has been built in parallel to development of the experimental setup in order to investigate performance of the controller for various control parameters. The controller design parameters can be determined using the simulation model and investigation of the controller performance can be done using various controller parameters. The optimal controller design has also been compared with the velocity feedback design to demonstrate effectiveness of the proposed method. The simulation results have been verified by vibration suppression measurements on the experimental setup. It has been demonstrated that the optimal controller is an effective approach for the first four modes of the smart plate. The results have shown that vibration attenuation levels can be predicted accurately with the simulation model for various feedback controller gains and the experimental parameters can be tuned before building the actual controller.
